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Abstract. We study the way that chromatic dispersion affects the error detection probability and the
synchronization on Quantum Key Distribution (QKD) protocols in a widely-used setup based on the use
of two fiber-based Mach-Zehnder (MZ) interferometers at transmitter/receiver stations. We identify the
necessary conditions for the path length difference between the two arms of the interferometers for achieving
the desired error detection probability given the transmission distance- where the form of the detector’s
window can be considered. We also associate the above limitations with the maximum detection rate that
can be recorded in our setup, including the quantum non-linearity phenomenon, and to the maximum
time window of the detector’s gate. We then apply our theoretical outcomes in a more realistic QKD
deployment, considering the case of phase-encoding BB84 QKD protocol, which is widely used. At the end,
exploiting our results we provide two methods to perform the chromatic dispersion compensation of our
setup for keeping the correct order of the transmitted signal. Our proposed methods, depending on the
transmission distance and on the photon emission rate at transmitter station, can be easily generalized to
every fiber-optic QKD protocol, for which the discrimination of each symbol is crucial.
1 Introduction
New technological achievements have provided the Quan-
tum Key Distribution (QKD) systems to constantly ex-
pand to unprecedented transmission distances [1,2,3,4];
exploiting practical and simple synchronisation techniques
at kHz-scale rates [1], advanced detection units together
with novel finite-key security analysis [3] and supercon-
ducting nanowires combined with ultra-low loss fibers and
cold filters to suppress the background noise [4], success-
ful QKD protocol implementation can be realized through
hundreds of kilometers of fiber optics. Moving towards
noiseless setup implementations, the authors claim BB84
protocols with fiber distances of 600km [4]. Apart from
the BB84-based QKD implementations, the new era of
emerged protocols such as twin-QKD [5], promise to over-
come the rate-distance limitations by greatly extending
the range of secure quantum communications. In this con-
text, other physical limitations that were previously ig-
nored should now be revisited in order to provide a practi-
cal implementation framework for this new ultra-long fiber
transmission QKD ecosystem.
In QKD protocols, not only the kind of the compo-
nents that constitute the QKD setup are responsible for
the kind and the efficiency of the protocol created, but
the values of the parameters involved too. For example,
the phase encoding BB84 and its decoy-state modification
QKD protocols have the same configuration; the synchro-
nization and the value of parameters involved are the only
difference between them. Hence, the study of the phenom-
ena that take place in optical fibers for the specific setup
is crucial for maximizing the efficiency of each protocol.
Many QKD protocols- including the aforementioned
ones- use time bin encoding for the creation and the re-
ception of the qubit. This method is advantageous for long-
distance quantum communication [6]. The setup used for
time-slot implementation of prepare and measure proto-
cols is depicted in Fig. 1; the incoming pulse at the input
is divided into three pulses at the output. The compo-
nents with more details are presented in Fig. 2. We will
later prove that the exterior pulses do not contain any in-
formation for the transmitted states and so they should be
distinguished from the middle pulse to avoid the tempo-
ral overlapping. As a result, the correct synchronization is
important for reading the middle pulse (indicated by time
slot t2). It is evident that the temporal width of the pulse
plays a crucial role to prevent the temporal overlapping
as well as to obtain the proper synchronisation. For these
two reasons, chromatic dispersion of the fiber medium has
a major impact on the protocol’s efficiency, especially as
the communication distance is significantly increased.
The added value of our contribution is the definition
and the theoretical establishment of a complete bottom-up
approach to the natural limitations created by chromatic
dispersion and the countermeasures that should be taken
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Fig. 1: Orthogonal (ideal) time slot implementation of
QKD protocols. The three pulses at the output are shown
widened compared to the incoming pulse, due to the effect
of chromatic dispersion on photon qubits. BS, beamsplit-
ter (50/50); DET, detector.
to confront its effect- apart from the ordinary use of Dis-
persion Compensating Fibers (DCF)- for maintaining the
correct sequence of the transmitted pulses (keeping a low
cost) and maximizing the readability and the detection
rate of the setup. Beginning from a theoretical establish-
ment and examination of our model, we find new limits
and restrictions; lastly we present an engineering approach
over the practical use of our theoretical conditions that our
results can provide.
In our paper, it is proved that the proper choice of the
phase shift values of the two Mach-Zehnder (MZ) interfer-
ometers is sufficient and necessary to provide the output
with the required readability, despite the effect of chro-
matic dispersion, for performing decoding and synchro-
nization. During this process, an alternative approach for
establishing the values of the phase shifters, necessary for
creating the two bases of phase encoding BB84 QKD pro-
tocol, is presented in appendix A; where we have used a
mathematically original quantum approach.
More specifically, the condition (lower bound) that needs
to be satisfied between the phase shifters of the two inter-
ferometers for a given fiber distance between Alice (trans-
mitter) and Bob (receiver) stations in order to attain a
specific error detection probability is extracted. Further-
more, the form of the detector’s reading window is taken
into consideration, leading to a more realistic model.
The maximum theoretical detection rate (raw key rate)
that can be generated is related to these setup parameters
and, thus we are also able to identify an upper bound. As
it was originally expected, a trade-off between the error
detection probability and the maximum theoretical detec-
tion rate, and thereby with the distilled secure key is re-
vealed. This upper bound directly indicates the form of
the synchronization- when and for how long Bob needs to
read each pulse- that needs to exist for properly reading
the signal.
At longer fiber distances, the widening of each pulse
may cause some symbols to be detected in different order
than the way they were sent, because of the chromatic dis-
persion effect. As a result, the final part of this research is
devoted to the definition of a mitigation strategy to over-
come the impact of fiber dispersion in our setup. More
specifically, we use the estimated maximum detection rate
to obtain the minimum required compensation length to
preserve the correct arrival order. Two methods are pre-
sented depending on the systems pulse repetition rate at
Alice station, which can be easily expanded out of this
specific two MZ interferometers setup.
Fig. 2: Two MZ interferometers
in series: 1 input a, 3 outputs
h,o,p, 4 beam splitters (BS),
5 optical fibers (i=c,d,g,m,n),
fiber lengths li, phase factors
Pi = exp{−ik∆i}, ∆i are
phase shifters, transmission coef-
ficients Ti = exp{−2liai} (ai are
absorption factors); position dis-
tributions (or time pulses) are
drawn. [7]
2 Definition of our model for QKD protocols
Chromatic dispersion causes the widening of the transmit-
ted pulses with a temporal intensity profile of Gaussian
shape. In [7], the results of the transmission of a gaussian
pulse through two MZ interferometers, connected in series
as indicated in Fig. 2, have been studied. We make use of
the mathematical formalism presented in [7], which is true
for the general case regarding the possible parameters that
characterize the interferometers, as a tool to provide ”plug
and play” formulas. As a result, we have chosen to use the
same symbols, see Fig. 2, for our formalism.
In our paper, we consider the case that is true for most
QKD protocols, which uses two MZ interferometers (ex.
phase encoding BB84 QKD, decoy-state phase encoding
QKD). In these protocols, the setup uses two symmet-
ric MZ interferometers with the only difference being the
phase factors in their long paths, (∆d 6= ∆m). The differ-
ence between these values is, almost always, of the order of
wavelength; more specifically (0, λ0/4, λ0/2, 3λ0/4) which
correspond to phase shift values (0, pi, pi/2, 3pi/2). How-
ever, our model is true for the general case where ∆d−∆m
can take any value. Furthermore, in most QKD protocols
gaussian pulses are transmitted through the fiber link be-
3tween Alice and Bob without considering any phase factor
through this link (∆g = 0).
Considering these restrictions from paper [7], we can
extract the following result for the position spectra at the
exits o,p:
|ψo,p|2 = Tg
32pi
√
2pi(δk)
{|Jdm(x)|2 + |Jcm(x)|2
+ |Jdc(x)|2 + |Jcc(x)|2 + 2IIo,p(x)}
(1)
where
IIo,p(x) =−ℜ[Jdm(x)J∗cm(x)] ∓ℜ[Jdm(x)J∗dc(x)]
±ℜ[Jcm(x)J∗dc(x)]±ℜ[Jdm(x)J∗cc(x)]
∓ℜ[Jcm(x)J∗cc(x)]−ℜ[Jdc(x)J∗cc(x)]
(2)
where in both Eqs. 1 and 2 we used c ≡ n because of our
restrictions (c,n represent the short legs of each MZ as
shown in Fig. 2).
We have chosen the squared absolute value of the po-
sition wave function, ψo,p(x), as it represents the position
spectrum and has the desired meaning of the probability
that we will later use.
In Eqs. 1 and 2 we use:
|Jij(x)|2 =4pi(δk)2
√
1
γij
TiTj
× exp{−2(δk)2[x′ij − 2δijk0]2/γij} ,
ℜ[Jij(x)J∗kl(x)] =c′ijc′klcos[zij(x)− zkl(x)] ,
c′ij =2(δk)
√
pi
√
TiTj(γij)
−1/4
× exp{−(δk)2[x′ij − 2δijk0]2/γij} ,
zij(x) =
1
2
arctan[4δij(δk)
2]
+
1
γij
[k20δij − k0x′ij − 4(δk)4δijx′ij2]
(3)
In paper [7], it is defined:
δij = Bg +Bi +Bj (4)
where Bi = κli, κ a constant which depends on the central
wavelength of our pulse (λ0). We can see that because of
our restrictions, every possible combination of i,j gives δij
the same value. Therefore, from now on we will call every
pair δij ≡ δ1 (not to be confused with δk).
We also have:
γij = 1 + 16(δk)
4δij
2
= 1 + 16(δk)4δ1
2
(5)
where (δk)2 is the mean square deviation of wave numbers
of the input Gaussian pulse/function and it holds δk =
2pi(δλ)/λ0
2. In the same way, we find that the parameter
γij has the same value for every combination of i,j and,
thereby we will call it γ.
It is defined:
x′ij = x−Ag −Ai −Aj (6)
where x is the total distance that the input pulse has prop-
agated until the outputs of the MZ interferometer and
Ai = ∆i + N0li, where N0 = N(λ0) is the group index
for the mean wavelength λ0. As mentioned in [7], x is
the (hypothetical) distance as if the photons have the vac-
uum speed of light. Furthermore, using the same logic the
parameters Ti, li can be expressed uniquely as T, l respec-
tively.
3 Interpretation of our model
In order to interpret our previously established model, we
define the parameter:
µij = N0lg +∆i +∆j + 2N0l + 2δ1k0 (7)
One important observation worth mentioning at this
point is that although µij differs for every pair ij, the
difference of the values is very small due to the fact that
lg ≫ ∆i for every i and for long transmission distances.
Finally, we can express more clearly the Eqs. 3 in the
following form:
|Jij(x)|2 =4pi(δk)2T 2
√
1
γ
× exp{−2(δk)2[x− µij ]2/γ} ,
ℜ[Jij(x)J∗kl(x)] =c′ijc′klcos[zij(x) − zkl(x)] ,
c′ij =2(δk)γ
−1/4T
√
pi
× exp{−(δk)2[x− µij ]2/γ} ,
zij(x) =
1
2
arctan[4δ1(δk)
2]
+
1
γ
[k2
0
δ1 − k0x′ij − 4(δk)4δ1x′ij2]
(8)
As can be now seen, |Jij(x)|2, ℜ[Jij(x)J∗kl(x)] are gaus-
sian distributions with a mean value given by:
µ1 =µij
µ2 =
µij + µkl
2
(9)
respectively. The standard deviation is given by:
σ =
√
γ
2(δk)
(10)
for both distributions. Obviously, the cosine term on
Eq. 8 changes the amplitudes of each gaussian distribu-
tion.
4For computing the mean value and the standard devia-
tion of the second term (ℜ[Jij(x)J∗kl(x)]), the formulas of
the product of two gaussian distributions with arbitrary
means µf , µg and standard deviations σf , σg have been
used.
Now, we are in position to express the full width half
maximum (FWHM) value of each pulse. The FWHM is
the same for every pulse since it depends on the variance
and not on the mean value. So:
FWHM =
√
8 ln 2 · σ (11)
In conclusion, the signal at the MZ interferometer out-
puts set prior to the photon detectors, is a sum of gaus-
sian distributions with the same standard deviation and
slightly different mean values.
4 Results and Discussion
The range of the derived FWHM is not a sufficient metric
for QKD protocols, as we will later see; neither is the
wider one, where the energy of the pulse falls to the 1/e of
its maximum value. The half width of the latter value is
often used in classical description of Gaussian pulses and
is symbolized T0. As a result, a wider metric is needed.
For determining the proper width of this metric, we
need to define the new parameter Xκ which is the half
width of the pulse where its energy falls to 1
eκ2
.
Xκ = κ
FWHM
2
√
ln 2
= κ ·
√
2 · σ
(12)
As expected for κ =
√
ln2 we haveX√ln2 = FWHM/2
and for κ = 1 we have X1 = T0. Here, the constant κ is
different from the previous constant κ mentioned in Bi.
4.1 Lower bound - Low error detection probability
Succeeding low error detection probability demands the
complete knowledge of the signal at the MZ interferome-
ter outputs. Since every pulse at the output of the fiber
setup exhibits the same spreading, as a next step we need
to find the longest distance between any two gaussian dis-
tributions at the output of the setup produced by one
incoming pulse.
From Eqs. 8 and 9, we derive that the maximum pos-
sible distance between two gaussian distributions of Eq. 1
depends only on the values of the phase shifters, ∆. The
longest distance between the gaussian distributions is be-
tween the part of the pulse that propagates through the
short-short legs of the two MZ interferometers (|Jcc(x)|2
term) and the part of the pulse that propagates through
the long-long legs of the two MZ interferometers (|Jdm(x)|2
term). It is evident that this distance is the same for both
|ψo|2 and |ψp|2 because the aforementioned terms exhibit
the same dependence on the exterior gaussian distribu-
tions.
Width
(a) Width of one symbol (considering only the mean value).
FWHM
T0
X2
X3
(b) The whole range of parameters 2 ·Xκ on a symbol.
Fig. 3: Overview of the shape of a symbol at the MZ in-
terferometer outputs.
Subtracting the distances that the mean value of the
aforementioned two pulses have propagated along the en-
tire fiber link (meaning µcc,µdm), we find the maximum
width of the exterior gaussian distributions. If we remove
the standard deviation (σ) of each gaussian distribution,
the final width of the symbol because of chromatic disper-
sion effect is shown in Fig. 3a. Recalling that µdm > µcc,
this width is equal to:
(x− µcc)− (x− µdm) = ∆d +∆m − 2∆c
= ∆d +∆m
(13)
where we replaced ∆c = 0, a consideration that most of
the similar setups meet or consider it as a benchmark.
Figure 3b shows an overview of the different values of
Xκ. It is worth mentioning that these values are identical
for each pulse, including the middle one and the two ex-
terior ones. Since the exterior pulses are present in every
case, they do not provide us any information about the
basis of the signal; as a result we need to separate them
from the middle pulse. We can see that as the width (Eq.
13) decreases, a critical point will be approached. Beyond
this point, the 3 pulses will interfere and, thus we will
not be able to decode the information. We are then able
to extract the necessary condition to achieve this separa-
tion, given the error detection probability that we want to
succeed:
5∆d +∆m ≥ 4Xκ = 2κFWHM√
ln 2
= κ · 4
√
2σ (14)
where κ expresses the error detection probability in the
way that will be mentioned in the next paragraph.
As stated above, each pulse is a gaussian distribution
and it is also the position spectrum of the particle that
the symbol contains. Hence, we are able to interpret it
as the probability of detecting the particle in each posi-
tion, so by transforming the gaussian distributions of the
pulses to standard normal distributions we can estimate
the detection probability in each pulse in relevance with
the parameter κ. A similar approach could be used for
other than Gaussian pulses as the input pulse.
Table 1 summarizes the main results that can be pro-
vided from Eq. 14. We have considered only the equality
of this condition and furthermore we can conclude that
there is no point of selecting values of κ higher than 3 for
the below reasons:
1. We accomplish the maximum probability for correct
distinction which equals to 1.
2. As κ increases, the length of transmission increases
too. Leading to higher losses and, thus to lower raw
key rate.
3. A more important factor is the maximum raw key rate
which is restricted from the intersymbol interferences.
We will analyze this factor in detail in the next subec-
tion.
κ ∆d +∆m Correct detection probability
1 2.402 · FWHM 84.26% (1.414σ)
2 4.804 · FWHM 99.54% (2.828σ)
3 7.206 · FWHM 100% (4.243σ)
Table 1: Correct detection probability of the signal, de-
pending on the path difference of the two Mach-Zehnder
interferometers.
The probabilities which are presented in table 1, in the
case of the ideal configuration (except, of course, for the
chromatic dispersion), are the values of the interference
Visibility of the setup. Visibility is an important param-
eter since it is directly connected with the Quantum Bit
Error Rate (QBER) performance which in turn assesses-
the secure key rate that can be distilled [8,9].
In case that there are also other imperfections- for ex-
ample not perfect alignment- on the setup (referring only
on the line between Alice and Bob), the total Visibility of
the setup can be estimated as the product of the individ-
ual probabilities for the case of independent variables (in-
dependent imperfections). In practical QKD installations,
the Visibility ranges from 93% to 99.999%. [5]
At this point, we need to mention that the above con-
sideration of the equality (Eq. 14 and Table 1) considers
the existence of an ideal detector; meaning the rising and
falling times are zero and, thus the shape of the time slot
that the detector reads is orthogonal as shown in Fig. 1.
Otherwise, these characteristics of the detectors should
be taken into consideration by increasing the right term
of the condition 14 by the rising and falling times trans-
lated into units of length. More specifically, considering
that the detectors could read with precision only at the
peak of the time slot, we obtain:
∆d +∆m ≥4Xκ + c0 · (trising + tfalling)
=2κ
FWHM√
ln 2
+ c0 · (trising + tfalling)
=κ · 4
√
2σ + c0 · (trising + tfalling)
(15)
where c0 is the speed of light in the vacuum. An effective
index of the transmitted mode is not needed because, as
we have already mentioned, the initial formulas define x
as if photons had the vacuum speed of light. In general, in
condition 14 a safety factor could be considered.
The results that we have extracted can be applied to
QKD implementations relying on the use of MZ interfero-
meters-assisted state preparation and measurements sta-
tions. Hence, they are universal and in Fig. 4 are presented
in the range that this category of QKD protocols operate.
As it was originally expected, they appear a linear depen-
dence on distance and the value of the sum of the phase
shifters is increased for higher detection rates.
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Fig. 4: Minimum sum of the values of the phase shifters
needed because of chromatic dispersion.
It is worth applying realistic trising and tfalling times
to Eq. 15 in order to define the dominant term of this con-
dition. Although the work in [10] is relatively new, approxi-
6mate recovery times can be extracted from it where we are
able to see that superconducting nanowire single-photon
detectors (SNSPDs) can exhibit recovery time around to
50ns. Hence, the added term because of the imperfect de-
tector equals to 15m and the first sum as indicated in Fig.
4 with the dotted line is around 1.8m for 200km transmis-
sion distance; for longer distances the gap between those
terms is diminished.
As a result, technology establishes the second term as
dominant leading to higher phase shift values. It is evident
that a few nanoseconds of recovery time will reverse the
dominant role but this is not feasible yet.
Finally, practical conditions for high quality readabil-
ity have been defined and the proper metric for QKD sys-
tems that we were looking for is X3. This metric can be
used beyond this two MZ interferometers setup.
As a next step, we will analyze the third important
aforementioned factor that prevents the intersymbol in-
terference and maintains the correct arrival order of each
symbol (this interpretation is presented in Sec. 5).
4.2 Upper bound - Theoretical maximum raw key rate
At the output of the setup, owing to the chromatic disper-
sion each symbol has its widest pulsewidth and then, after
a very short distance (from the MZ’s output to the detec-
tor), it will be detected. We will symbolize this distance as
MZ-D. Each symbol, as we have mentioned, is consisted
of three pulses. The pulses which come from the short-
short travel, the short-long/long-short travel and the long-
long travel of the symbol will be from now on referred as
right one, middle one and left one respectively, where we
have considered, without loss of generality, that the sym-
bol propagates along the right axis. Considering two con-
secutive pulses, there is a distance threshold above which
these two consecutive symbols will start to interact. The
parts of the symbols that will firstly interact are the left
pulse of the first symbol and the right pulse of the second
symbol.
As already mentioned, the information is hidden in
the middle pulse of each symbol and, thus we need to
find a condition that will prevent the interaction of the
two consecutive symbols being able to affect the middle
pulse/window altering the order and/or the value of the
symbol read.
When the two symbols start to temporally overlap, the
quantum non-linearity phenomenon could possibly arise
[11]. In this case, single photons at new frequencies can
be generated and due to chromatic dispersion they will
then propagate along fiber with different velocities. Hence,
during the distance MZ-D, if the new frequencies are suf-
ficiently fast to cover the adjacent temporal window set
prior to the detectors, a part of energy of the interacting
pulses could probabilistically leak into the middle pulse,
degrading thereby the readability of our setup. However,
as can be derided from [11,12], this is quite impossible
to happen at these energy levels and in the conventional
telecom fibers testbeds which are currently used in long-
distance deployments. Through the literature, there are
limited works demonstrating photon-to-photon non-linear
interaction using specialty fiber setups where one can probe
this quantum non-linear domain [13].
Having this in mind and targeting to keep our results
as general as possible in support of the future experimen-
tal realizations, we have studied both cases; considering
and ignoring the quantum non-linearity effect. To this end,
we also derive the modified condition for the case where
non-linear photon-to-photon interaction can be obtained
between the symbols in our model which leads to lower
detection rates.
In case where quantum non-linearity phenomenon can-
not affect, as previously described, the middle pulses of
these two consecutive symbols, we can extract the condi-
tion 16. As shown in Fig. 5a, the distance between two
successive symbols needs to be equal to two times the
value of the width of the pulse, meaning 4Xκ, in order to
not have intersymbol interference. This straightforwardly
leads to:
R ≤ c
4Xκ
(16)
so an increase of κ leads to a decrease of the maximum
possible raw key rate. This is the mechanism behind the
obtained trade-off between the error detection probability
and the maximum raw key rate, as it has been already
emphasized in the introduction. Certainly, the values of
the maximum raw key rate are higher than those that
most protocols have succeed because of the low energy of
the pulse and the speed of the electronic systems that the
setup uses.
In case where the quantum non-linearity phenomenon
could affect the middle pulse, we modified our condition
as follows:
R ≤ c
6Xκ
(17)
so that each symbol has no shared part with any of the con-
secutive pulses (see 5b). As expected from Figs 5a and 5b,
the maximum theoretical detection rate is smaller when
quantum non-linearity has an effect than when it has not.
The exact ratio is three times smaller as indicated in Eq.
17.
All figures below represent the case that quantum non-
linearity has no effect on the middle pulse but using Eq.
17, someone can easily represent the opposite case.
It is worth mentioning that in order to keep the maxi-
mum possible raw key rate, we should not consider, as in
classical channels, the range of the pulse where its power
reaches the 1e of the maximum value but instead the point
that its power reaches the 1e9 of the maximum value. There-
fore, the definition of the dispersion length (LD), as de-
fined in [14], for the quantum setup implementations stud-
ied for most QKD protocols, representing the maximum
optical fiber length so that the chromatic dispersion will
not affect the signal decoding needs to be re-considered
and/or re-expressed by future works.
The condition 16 leads to an upper bound for the raw
key rate that can be obtained, if no countermeasures are
7(a) Minimum distance in the case that the quantum non-
linearity phenomenon can be ignored.
(b) Minimum distance in the case that the quantum non-
linearity phenomenon cannot be ignored.
Fig. 5: Minimum distance between two consecutive sym-
bols at the MZ outputs in order for the symbols to not
temporally overlap.
taken, and it only depends on the nature of this setup. In
[15], by following a more classical optics approach, it was
found that pre-compensation is more preferable for coun-
termeasuring the dispersion-induced readout errors com-
pared to the post-compensation effect and compensation
that happens within the fiber link. However, in the afore-
mentioned paper the existence of the exterior pulses has
not been taken into consideration, leading to a higher raw
key rate, but as far as the countermeasure is concerned
the results are not affected. Hence, pre-compensation is
more preferable.
When compensation techniques are applied, Eqs. 14
and 15 are calculated considering as lg to be the active
length. In this case, where compensation techniques are
applied, Fig. 4 designates the active length. By the term
active length, we describe the part of the length of the
optical fiber that has not been compensated; for example,
when the transmission length is fully compensated, the
active length is zero.
At this point, we are able to understand the form of
synchronization. Assuming that ∆tgate is the time window
that our detectors are able to read, it needs to fulfil the
following condition:
∆tgate ≤ ∆d +∆m − 2Xκ
c
(18)
and to be fully synchronised in the middle of the pulse
with a reading repetition rate equal to R.
Below we present some results which indicate the max-
imum raw key rate creation that can accomplished at Bob
station without using any dispersion compensating fiber
which increases the distance and, thus the photon losses
(Fig. 6). In all of our simulations, we have considered
wavelength equal to λ0 = 1550nm and divergence from
the central wavelength equal to δλ = 0.31nm, meaning
δλ
λ0
= 2 · 10−4. Our results are true for both deterministic
single-photon sources where an ideal emitter can produce
one photon at a time and also for probabilistic sources re-
alized through an attenuated laser source. The only char-
acteristics of the source which we have considered are the
central wavelength and the divergence from it.
Our simulations have shown that the maximum the-
oretical raw key rate (upper bound) that can be gener-
ated at Bobs site is far beyond the rates that the current
technological level can provide. In more detail, due to the
hardness of engineering on-demand single-photon sources,
most QKD implementations and experiments rely on the
use of highly attenuated laser sources which emit proba-
bilistically photons, including also mutli-photon pulses. In
order to not compromise security, because of the presence
of these multi-photon pulses, the attenuation required is
such that the average photon number is set much smaller
than one, leading thereby to lower detection rates. Further-
more, other restrictions of our nowadays technology is the
maximum detection rate and the maximum clock rate of
the pulses produced by the source; both are much lower
than the frequencies indicated in Fig. 6. However, when
technology overcome these problems, the upper bound will
be important to be known. Some serious steps have al-
ready been done towards this direction, see the works [16,
17] and future needs in [18]. This upper bound, for main-
taining the correct reading order of the symbols sent, could
be reached only by the use of single-photon sources in a
lossless channel. In case of the probabilistic sources, it can-
not be achieved but even in that case this upper bound
needs to be fulfilled and the practical use of this theoreti-
cal maximum detection rate is presented in Sec. 5.
In practical systems, there are single-photon detectors
(SPDs) with detection rate in the range of 100MHz to
200MHz [19] so in Fig. 7 we have chosen to present the
maximum achievable distance allowed by chromatic dis-
persion for the aforementioned detection rate range. In
order to achieve longer distances, countermeasures should
be taken, some of which we have previously mentioned.
4.3 BB84 QKD protocol simulation based on our
results
Before proceeding, we need to highlight the main results
of this study, which are presented in Eqs. 14 or 15, 16 or
17 and in 18.
To make these results more concrete, we will apply
them on the phase encoding BB84 QKD protocol. Obvi-
ously, the same procedure applies also on the phase encod-
ing decoy-state QKD protocol, as it uses the same logic
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chromatic dispersion when quantum non-linearity phe-
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Fig. 7: Range of maximum detection rate because of chro-
matic dispersion for practical devices.
for the construction of the qubits, thereby the results pre-
sented in this subsection are true for both protocols.
Here, we assume the same characteristics of the source
as mentioned in Sect. 4.2 and we want to accomplish a
communication over the 50km distance with as less error
detection as possible, meaning κ = 3 from table 1. We
use Eqs. 14 or 15. We will, also, assume that trising =
tfalling = 0, so we obtain:
∆d +∆m ≥ 0.423m (19)
In practical designs, the value of 0.5m would be chosen
for safety reasons, as it is higher than the limit value, lead-
ing to a relatively more robust system to the effects emerg-
ing from plausible other imperfections, and also because
any divergence from this value will keep us within bounds.
This means that whatever choice we have to make in order
to create the necessary pair of bases for these protocols,
the condition 19 must be always true. Hence, it is reason-
able to assume a minimum value equal to 0.5/2 = 0.25m
for each of the two phase shifters.
Now, we have to assume what phases we should pick
for the creation of the bases. Phase encoding make use
of two pairs of phases that each signal pulse should be
modulated in. There is need to:
1. For the same pair, the phases need to be chosen so that
they will lead to orthogonal states creation; maximize
the detection probability to different detectors.
2. When read in wrong basis, the result is ambiguous.
In appendix A we extracted a simple way to under-
stand the choice of the value of the two phase shifters:
1. Bob chooses to read randomly between the two bases,
by setting φm = 0 or φm =
λ0
4
for basis X and basis Z
respectively.
2. Alice modulates in basis X when the values of phase
shifters are φd = 0 or φd =
λ0
2
for bits 0 and 1 re-
spectively. Whilst, she modulates in basis Z when the
values of phase shifters are φd =
λ0
4
or φd =
3λ0
4
for
bits 0 and 1 respectively.
For the meaning of the symbol φω where ω ∈ {d,m} see
Eq. A.6 in Appendix A.
Of course, it should be clear by now, that the afore-
mentioned values are added to the value 0.25m that we
extracted before by adding in series a constant length
(0.25m) to the phase modulator: ∆ = 0.25+ φω where φω
adds the phase modulation which corresponds to 0, λ0
2
, λ0
4
or 3λ0
4
.
Our results can be confirmed by precise simulations,
see Figs. 8 and 9. In these figures, we are able to see the
importance of the distance between two consecutive sym-
bols and, thus the importance of the results on Sec. 4.2. If
we have not considered the maximum transmittance rate,
the middle pulse would not be zero in the cases that it has
to be (Figs. 8a,8b, 9c and 9d).
Furthermore, from Eq. 16 or 17 we obtain that the
maximum possible raw key rate that can be generated
without countermeasures is approximately 710Mbps and
473Mbps respectively. Finally, we are able to find from
Eq. 18 the maximum duration of the detector’s window:
∆tgate = 0.962ns.
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Fig. 8: Position Spectra at the MZ outputs (o,p) for
φm = 0 and every value of φd. Bob reads on basis X.
The φm,φd represents the phase shift values of Bob and
Alice respectively.
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In a similar way, our results can be used for any dis-
tance with non-ideal detectors and for any QKD protocol
that uses the same two Mach-Zehnder setup; easily can be
expanded to other setups as it will be mentioned in the
next section.
5 The role of the clock rate on the correct
ordering reading for dispersive pulse
broadening
Nowadays, the technology of pulsed laser sources can pro-
vide very high clock rates. However, these ultra-high speeds
cannot be recorded at the detector’s site due to funda-
mental limitations of their technology (deadtime, jitter)
as well the relatively low efficiency and speed of the post-
processing error detection algorithms limited to Mbps rates
even for channels with low losses [20]. Moving towards
longer fiber distances, the photon loss is dramatically in-
creased and is responsible for distilled key rates of few
bps even for the Alice pulsed implementations operated
on GHz-scale [4].
However, different steps are needed to be considered
depending on the frequency of the clocked setup- because
of chromatic dispersion- in order to have even more robust
implementations.
From Fig. 7, we are able to see the upper limit of the
theoretical maximum raw key rate because of chromatic
dispersion. Hence, there are two categories:
1. The frequency of the clocked setup is less than the
theoretical maximum raw key rate at a given distance.
This condition is easily satisfied for short distances
with the current technology or for low frequencies of
the clocked setup (recording, inevitably, low raw key
rate).
2. The frequency of the clocked setup is higher than the
theoretical maximum raw key rate at a given distance.
This condition will be greatly boosted in future QKD
deployments where high frequencies of the clocked setup
will be possible as in [4].
For each category, we need to follow different strategies
for preserving the high-quality reading:
1. For the first case, we do not need to compensate the sig-
nal using Dispersion Compensating Fiber (DCF); we
just need to compute the values of the MZ interferom-
eters’ phase-shifters from Eq. 14 (or see Fig. 4).
Apart from not using DCF, another advantage of this
method is its symmetry; permitting two-way commu-
nication whilst pre-compensation does not.
2. The second case requires a completely different treat-
ment. If we were using the first strategy for this case,
the order of the qubits sent would be changed leading
to wrong qubits being read: during the transmittance
of the signal, each symbol will be widened to such ex-
tent that a part of it will overrun a part of the next
symbol leading to, not only intersymbol interference
(ISI), but also changed detection order.
Therefore, the use of a dispersion compensation strat-
egy is unavoidable. However, complete compensation
of the signal is not necessary. The required steps to
identify this minimum compensation length- without
the order of the symbols altered- can be found below:
We find the maximum active length from Eq. 16
or Fig. 6 accordingly, which corresponds to the fre-
quency of the clocked setup. Hence, we need to com-
pensate an amount of distance equal to the total
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length subtracted by this active length. This is the
minimum compensation length.
Of course, we can fully compensate from the begin-
ning of the deployed fiber link at an increased cost
since the DCF is much more expensive compared
to the standard telecom fibers (e.g. Standard Single
Mode Fibers-SSMFs).
For the needs of studying this second case, we con-
sidered the implementation settings reported in [4],
where they used a clocked setup at 2.5GHz. Therefore,
from Eq. 16 or Fig. 6 accordingly, we find the active
length equal to 20km. As a result, instead of perform-
ing complete compensation, we need to provide com-
plete compensation for transmission distance equal to
(405− 20)km = 385km.
Surely, owing to losses the active length can be higher;
as most qubits will be lost, the probability for reading
with wrong order is non zero but it can be very close to
it. Further study is required to emphasize on the actual
relation between the active length, the losses and the
wrong order reading probability. However, there are
protocols such as the User Datagram Protocol (UDP)
in which the wrong reading order is not problem [21].
Although the second case is not symmetrical when pre-
compensating, the advantage of not fully compensating
the total length can be the cost reduction since the use of
longer DCF segments can be prevented.
Overall, we showed two ways- depending on the sys-
tems pulse frequency (mentioned as clocked system)- for
applying our results and keeping the correct reading order
of the transmitted pulses.
These methods can be used not only in this setup with
the two MZ interferometers in series but in the general
case too; in every fiber optic QKD protocol for which the
discrimination of each symbol is important by just chang-
ing the Eq. 16 with:
R ≤ c
2Xκ
(20)
The results of this section provide a different interpre-
tation for the results presented on Sec. 4.3; the theoretical
maximum raw key rate is, also, the maximum clock rate
that can be used for maintaining the correct symbol order
of the signal sent for a specific transmission distance.
6 Conclusions
Maximum readability QKD systems are necessary to reach
detection rates as high as possible, where 100% correct de-
tection probability -without any other imperfection other
than chromatic dispersion- is needed to achieve that. We
have found that in order to achieve this probability the
detection window of the detector’s gate should be 7.206 ·
FWHM ; in case that the detector’s window has non-ideal
rising and falling times, a safety factor should be added
to the aforementioned value.
Apart from the width of the detector’s window, as a
result of chromatic dispersion, the MZ phase shift values
should also be appropriately chosen in order to attain high
correct detection probability. Lower bound for the sum of
the fiber length of phase shifters of the two MZ interfer-
ometers has been calculated and, in high precision, it was
found to exhibit linear dependence on the fiber transmis-
sion length. More specifically, the slope of the dependence
is approximately equal to 0.8454 m
100km for achieving 100%
correct detection probability.
The lower bound restriction of the MZ interferometers
phase shifters leads to an upper bound restriction for the
maximum raw key rate that can be recorded because of
chromatic dispersion in the setup. The upper bound de-
pends on the ISI appeared between two consecutive pulses
and it follows an inversely proportional relation with the
transmission length. More specifically, the constant of pro-
portionality of this inverse dependence is, approximately,
equal to 35.46 Gbps · km for long transmission distances
for which we are interested.
In contrast to the ISI effects in classical flows, there is
the need to consider the intended error detection probabil-
ity associated with the setup too and the aforementioned
value (35.46Gbps · km) is for accomplishing 100% correct
detection probability. Besides the role of ISI effect, the up-
per bound can be also affected by the quantum non-linear
photon-to-photon interaction and this mechanism should
also be considered as part of our study. In this case a
constant of proportionality of the aforementioned inverse
dependence equal to 11.82Gbps·km is derived. In this line,
our results have taken this into consideration and they are
valid either way.
Finally, depending on the pulse generation frequency,
the upper bound can be used to select the most efficient
compensation scheme to ensure the correct order of the sig-
nal and greatly reducing the deployment cost of the fiber-
based setup. These methods can be easily expanded to
QKD protocol implementations where the discrimination
of each symbol is an essential parameter- to the best of our
knowledge, every known protocol makes use of that; this
expansion can happen by changing the constant of propor-
tionality of the inverse dependence from 35.46Gbps · km
to 70.92Gbps · km.
Welcoming the beyond-500km era for secure distance
of QKD in fiber links [22], our work contribute in this topic
of ultra-long haul, repeaterless QKD transmission where
the role of readability, time synchronization and chromatic
dispersion of the QKD implementation should be carefully
addressed.
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Appendix A Proper phase shifter choice
In this appendix, we demonstrate an alternative way to
find the proper choice of the phase shifters using our quantum-
mechanical results. The difference between each MZ out-
put lies in the last term of Eq. 1 so this is where we will
try to find some indication for the proper choice of the
phase shifters.
On its side, the term IIo,p(x) indicates that we can
interchange the MZ outputs by changing the sign of its
terms; the cosine term is a possible solution for that. Hence,
we will try to present the zij − zkl term in a more easy to
interpret form; from Eq. 8 we have:
zij − zkl =1
γ
[
k0(x
′
kl − x′ij) + 4(δk)4δ1(x′kl2 − x′ij2)
]
=
x′kl − x′ij
γ
[
k0 + 4(δk)
4δ1(x
′
kl + x
′
ij)
]
=
∆i +∆j −∆k −∆l
γ
×
[
k0+4(δk)
4κ(lg + 2l)
× (2x− 2Ag −Ai −Aj −Ak −Al)
]
(A.1)
where we have substitute x′ij ,x
′
kl and δ1 to find the third
line.
Now, we will do a small trick to reveal the desired form.
As we said before the parameter µij is approximately the
same for every pair ij and it represents the distance that
the pulse has travelled so far. As a result it would be
more convenient to replace the value x in Eq. A.1 with
the distance that the middle point of the interior pulse
will travel. This can be achieved by finding the average
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value of the minimum and the maximum distance, mean-
ing the short-short travel and the long-long travel of the
MZ interferometers. More specifically:
x =
µcc + µdm
2
+ δx
= N0 (lg + 2l) + 2δ1k0 +
∆d +∆m
2
+ δx
(A.2)
where δx has been added to maintain the meaning of x.
See Fig. 10 for the visualisation of the meaning of δx.
δx
Fig. 10: Overview of the axis new zero point. Symbol
viewed at the end of the setup (after second Mach-
Zehnder).
Substituting Eq. A.2 to Eq. A.1, we get:
zij − zkl =∆i +∆j −∆k −∆l
γ
×
{
k0+4(δk)
4κ(lg + 2l)
×
[
2δx+ 4δ1k0 +∆d +∆m
− (∆i +∆j +∆k +∆l)
]}
(A.3)
Substituting γ and after a few steps we get:
zij − zkl = 2pi
λ0
(∆i +∆j −∆k −∆l)
×
{
1 +
λ0(1− 1γ )
4piκ(lg + 2l)
×
[
δx+
∆d +∆m − (∆i +∆j +∆k +∆l)
2
]}
(A.4)
We can easily see that the second term is much smaller
than the first term for real numeric values (lg = 500000m,
λ0 = 1550nm) and for the point we are interested δx = 0
(middle of the received symbol). Therefore, we may say
that:
zij − zkl ≃ 2pi
λ0
(∆i +∆j −∆k −∆l) (A.5)
Equation A.5 indicates that only the difference be-
tween the values of ∆ affects the result. Hence, we will
set:
∆ω = ∆˜+ φω where ω ∈ {i, j, k, l} (A.6)
where we used the letter φ, which is normally used for
phase values, to keep in mind that we are looking for the
phase correspondence.
The middle point that we are interested in is repre-
sented by the term zcm, zdc, so the term ∆i+∆j−∆k−∆l
becomes ∆m − ∆d; the sign is not important due to the
cosine that follows.
We will start searching by setting for convenience these
two values equal to zero; meaning φm = φd = 0, so the
cosine term is precisely equal to 1. Now, for this choice
we need to change only the φd so as to invert the outputs.
It is easy to find that we can accomplish this by choosing
φd =
λ0
2
, which corresponds to a phase equal to pi, so,
now, the cosine is approximately equal to -1 (instead of
1), indicating that the outputs were inverted.
So far, we have defined the first basis. We also need to
find the second one. It must be chosen such that if Bob
reads in respect to the second one but Alice has modulated
the qubit using the first one, Bob will not be able to decode
any information.
A reasonable choice for this to happen is by choosing
the second basis to be modulated by adding a phase equal
to pi
2
; meaning φm =
λ0
4
. We can see that in this case
if Alice sends a symbol which has been modulated using
the first basis (φd = 0 or φd =
λ0
2
) and Bob reads this
symbol by applying φm =
λ0
4
, the cosine for both cases are
approximately zero, thereby they have the same detection
probability to each output.
By the same logic, we can see that Alice needs to mod-
ulate applying φd =
λ0
4
or φd =
3λ0
4
in order for Bob to be
able to read when φm =
λ0
4
.
At last, we have find the two bases that we wanted
and our results can be confirmed by our simulations in
the main text. Summing up, we have that Alice creates
the qubits by applying:
φd =
0 or
λ0
2
,basis X
λ0
4
or 3λ0
4
,basis Z
(A.7)
where the first value from each row, usually corresponds
to bit 0 and the second one to bit 1. Bob reads the qubits
by applying:
φm =

0 ,basis X
λ0
4
,basis Z
(A.8)
